We discuss the conditions for extra supersymmetry of the N = (2, 2) supersymmetric vector multiplets described in arXiv:0705.3201 [hep-th] and in arXiv:0808.1535 [hep-th]. We find (4, 4) supersymmetry for the semichiral vector multiplet but not for the Large Vector Multiplet.
Introduction
In a recent paper [1] , we investigated under what conditions a manifest N = (2, 2) sigma model written entirely in terms of left and right semichiral superfields [2] admits N = (4, 4) supersymmetry [3, 4] . Here we continue to investigate extended supersymmetry in generalized Kähler geometry focusing on the (2, 2) vector multiplets introduced in [5, 6] which were used to gauge isometries and to discuss T-duality in [7] . See also the related papers [8] and [9] .
We find an off-shell (4, 4) algebra for semichiral vector multiplet and present it both at the level of field-strengths and at the level of gauge (pre-)potentials. The algebra closes up to gauge transformations which we calculate.
For the Large Vector Multiplet (LVM) the situation is different. There cannot exist an off-shell (4, 4) supersymmetry for a single LVM. Instead, we find a pseudo-supersymmetry in the abelian LVM, and comment on obstacles in the nonabelian case.
We have organized the paper as follows: In section 2 we recapitulate the basic definitions and properties of the N = (2, 2) vector multiplets. In section 3 we present the N = (4, 4) supersymmetry for the semichiral vector multiplet and in section 4 we discuss (twisted) supersymmetry for the Large Vector Multiplet. Conclusions and outlook are contained in the last section.
Review of the new gauge multiplets
In this section we review material needed in the rest of the paper. The most general manifest N = (2, 2) supersymmetric sigma model is described by a generalized Kähler potential 1 which is a function of chiral, twisted chiral and semichiral fields [10] ,
where the constraints on the N = (2, 2) superfields arē
The target space of this N = (2, 2) sigma model has been shown [3] to admit a bihermitian structure which is equivalent to a generalized Kähler structure [11] . The simplest isometries act on purely Kähler submanifolds of the generalized Kähler geometry, that is only on the chiral superfields φ or the twisted chiral superfields χ;
These potentials have a rigid isometry, δφ = iλ for K φ and δχ = iλ for K χ with λ a real constant parameter. When gauged, however, the local parameter must respect the chirality properties of the superfields,
To ensure the invariance of the Lagrange densities (2.3) under the local transformations, we introduce the appropriate vector multiplets. These give the well known transformation properties for the usual (un)twisted vector multiplets:
The field-strength is twisted chiral for V φ and chiral for V χ :
Isometries that involve other combinations of the fields in (2.1) have been suggested in [12] and recently discussed in [5, 7] . We now describe the new multiplets that can be used to gauge these isometries.
The semichiral vector multiplet
An example of a sigma model with a rigid symmetry that acts on semichiral superfields is given by a potential of the form
The rigid isometry is δX L = δX R = iλ. The gauging of such an isometry requires the chirality properties of the parameters
A vector multiplet corresponding to this isometry was introduced in [5, 8] . This semichiral vector multiplet is described by three real potentials (
which implies that
We construct field-strengths from complex combinations of the real potentials:
These potentials satisfy the reality condition
The gauge invariant field-strengths of the semichiral vector multiplet are chiral and twisted chiral superfields,
In the left semichiral representation [5] , [6] , we can introduce covariant derivatives as
For the abelian case, this gives the following set of connections:
Correspondingly, the field-strengths read
where the last equalities again refer to the abelian case.
The Large Vector Multiplet
An example of a sigma model with a rigid symmetry δφ = δχ = iλ that acts simultaneously on chiral and twisted chiral superfields is given by a potential of the form
This isometry is gauged by the Large Vector Multiplet (LVM) with three real potentials
, where in addition to the gauge transformations of V φ and V χ in (2.5), the potential V ′ transforms as
As for the semichiral multiplet, we introduce complex combinations 19) subject to the reality condition
We construct gauge invariant field-strengths for the Large Vector Multiplet as
and their complex conjugate. The field-strengths for the LVM are thus semichiral spinors.
N = (4, 4) susy for the semichiral multiplet
For simplicity we begin this section with a discussion of the abelian case.
The abelian semichiral multiplet
It is well-known that a chiral and a twisted chiral superfield allow (4, 4) supersymmetry [3] . 2 It follows that the four field-strengths (2.16) transform under (4, 4) supersymmetry according to
This gives an algebra that closes off-shell;
where we labeled products of supersymmetry parameters as
and the supersymmetry algebra is {D ± ,
The corresponding transformations on the potentials V φ and V χ can then be deduced using this ansatz together with the constraint on the imaginary part (2.12),
The supersymmetry algebra closes on the potentials up to gauge transformations according to:
2 Various (4, 4) models that involve chiral and twisted chiral superfields have been discussed in [13] .
The application to the present situation will be described in [14] .
where
Note that the field-strengths appearing in (3.5) have the correct chirality to serve as gauge transformations. Substituting the transformation laws for the potentials in (3.4) in equation (2.15) we find, in the left semichiral representation
We go to a real representation using the shift δ g Γ = −iD(Ξ) where
This puts all Γ transformations on equal footing:
It is easy to verify that these transformation laws are compatible with the transformation laws for the field strengths (3.1).
The nonabelian semichiral vector multiplet
We now extend the previous discussion to the nonabelian case [5] . For a nonabelian gauge group, the covariant derivatives are given by (2.14) and the field-strengths by the anticommutators in (2.16). The nonabelian version of the gauge transformations in (2.9) is
The nonabelian extensions of (2.11) and (2.12) are
Real representation
Finding additional supersymmetries for the semichiral multiplet is facilitated by working in a real representation. Below we present the material needed for this. We introduce U L and U R such that
with the parameter K an arbitrary Lie algebra valued gauge parameter, and thus
In the real representation, matter transforms as M → e iK M and the derivatives read
14)
The gauge transformations are
A transformation on Γ can be written as
hence, e.g.,
In the abelian case, δV L = δU L +δŪ L , from which we derive the abelian supersymmetry
We assume that the supersymmetry transformation laws for the field-strengths (3.1) generalize:
For a covariant derivative of the form 20) an arbitrary variation can be written as in (3.16) and hence, e.g.,
For a supersymmetry transformation, starting from (3.9), we thus have
Identifying this with (3.21) we find the supersymmetry transformations for the potentials
which can be rewritten as
It is now straightforward to calculate the nonabelian supersymmetry transformations for the potentials V φ and V χ ,
Closure of the algebra for the field-strengths
Unlike in the abelian case, where the field-strengths are invariant under gauge transformations, the gauge transformations in the closure of the supersymmetry algebra here also transform the field-strengths. Defining
for F we find
Generally, for any F ∈ {F,F,F,F}, the supersymmetry algebra closes up to a gauge transformation,
with the hermitian gauge parameter K(ǫ 1 , ǫ 2 ) defined as
The semichiral parameters of eq. (3.6) generalize to (3.31) 4 No N = (4, 4) susy for the Large Vector Multiplet
We now turn to the Large Vector Multiplet which gauges isometries acting simultaneously on chiral and twisted chiral superfields, as described in section 2. As we shall see, the situation is completely different as compared to the semichiral multiplet discussed in the previous section. For the Large Vector Multiplet (LVM), the field-strengths are semichiral fermionic superfields. This fact implies that there is no N = (4, 4) off-shell supersymmetry in the abelian case [1, 15] . The field-strengths for the abelian LVM defined in (2.21) are four semichiral fermions,
As shown in paper [15] and discussed further in [1] , additional off-shell N = (4, 4) supersymmetry can only be imposed on a set of semichiral fields if the dimension of the space of fields is larger than four. It is therefore impossible to impose additional supersymmetry on the field-strengths of the abelian Large Vector Multiplet.
Left/right supersymmetry
Even though we cannot impose ordinary N = (4, 4) supersymmetry, we could make an ansatz for independent left susy for G + and right susy for G − as
which closes to
Twisted supersymmetry
Another option is to impose additional pseudo-supersymmetry. An ansatz for the semichiral field-strengths of the Large Vector Multiplet is
This ansatz closes to a pseudo-supersymmetry algebra
Identifying the field-strength potential G + =D + V L and G − =D − V R and using the reality constraint
The transformations close to a pseudo-supersymmetry algebra.
In [15] , we show that N = (4, 4) supersymmetry can be imposed for a set of semichiral fields if their number is 4d with d > 1. This might suggest that it is possible to find extra supersymmetries for the nonabelian Large Vector Multiplet. However, for a gauge multiplet the extra supersymmetry should commute with the gauge transformations. We do not believe that this is possible, at least not for an off-shell supersymmetry algebra. There are reasons from T-duality to believe that it might be possible to find an on-shell (4, 4)-algebra for certain actions, but we have not investigated that option in detail.
Conclusions
In this paper, we discuss (4, 4) supersymmetry for two gauge multiplets introduced in [5] and [6] ; the semichiral multiplet and the Large Vector Multiplet.
For the semichiral vector multiplet, we find off-shell (4, 4) supersymmetry, first for a U(1) and then for a general gauge group. The transformations for the potentials are deduced from those of the field-strengths and close to a supersymmetry up to gauge transformations. In [19] a related multiplet was recently constructed in bi-projective superspace [20] . We believe that a suitable partial gauge-fixing relates the two, but have not checked this.
For the Large Vector Multiplet we do not find off-shell (4, 4) supersymmetry but are able to construct twisted (4, 4) supersymmetry in the abelian case. This is in agreement with the results in [1, 15] , where it was shown that (4, 4) supersymmetry can be imposed on a set of semichiral fields parametrizing a d-dimensional target space only if d > 4.
There is another way of arriving at the expressions in (A.5) that avoids explicitly considering the adjoint of operators. Using 6) and considering a constant anticommutig spinor η, we have the relation ǫD θ θη = ǫη .
(A.7)
Conjugating this and remembering that (ǫη) † =ηǭ = −ǭη we find (ǫD θ ) † (−θη) = −ǭη , (A.8)
from which it follows that (ǫD θ φ) † =ǭD θφ for a superfield φ, and we recover (A.5) without involving commutators of operators.
